In an earlier paper, Hubert, Mauduit and Sárközy introduced and studied the notion of pseudorandomness of binary lattices. Later constructions were given by using characters and the notion of a multiplicative inverse over finite fields. In this paper a further large family of pseudorandom binary lattices is constructed by using elliptic curves.
Introduction
In order to study the pseudorandomness of finite sequences, Mauduit and Sárközy introduced measures of pseudorandomness in [11] . Later several constructions have been proposed which have good pseudorandom properties in terms of these measures: for example, the Legendre symbol sequence [4] , [11] ; sequences generated by the multiplicative inverse [12] and its extensions [7] , [15] ; the sequences generated by using elliptic curves [1] , [2] , [9] , [16] . See also the survey paper [18] .
In applications one may need pseudorandom lattices instead of pseudorandom sequences, for example to encrypt 2-dimensional pictures via the analogue of the Vernam cipher. In [5] , Hubert, Mauduit and Sárközy extended the notion of binary sequences to n-dimensional binary lattices in the following way:
Let I n N denote the set of the n-dimensional vectors whose coordinates are selected from the set {0, 1, . . . , N − 1}: I n N = x = (x 1 , . . . , x n ) : x 1 , . . . , x n ∈ {0, 1, . . . , N − 1} .
The n-dimensional binary lattice is defined by the function
They also defined the following measures of pseudorandomness: Definition 1. Let u i (i = 1, . . . , n) denote the n-dimensional unit vector whose i-th coordinate is 1 and the others are 0. Let ∈ N. Then
where the maximum is taken over all n-dimensional vectors b = (b 1 , . . . , b n ), d 1 , . . . , d , t = (t 1 , . . . , t n ) such that their coordinates are non-negative integers, b 1 , . . . , b n are non-zero, d 1 , . . . , d are distinct, and all the points j 1 b 1 u 1 + · · · + j n b n u n + d i occurring in the multiple sum above belong to I n N . The binary lattice η is said to have strong pseudorandom properties if for fixed n and , Q (η) is small (much smaller than the trivial upper bound N n ) at least for small . This terminology is justified by the fact that for a truly random lattice η the measure Q (η) N n/2+ε (see [5] ). Several constructions have been proposed for pseudorandom lattices, by using the quadratic characters over finite fields [5] , [10] or general characters [17] , by using the multiplicative inverse [13] , and its extension [8] . These constructions have good pseudorandom properties in terms of the measures Q .
In this paper a new construction of a pseudorandom binary lattice is proposed by using elliptic curves.
In Section 2 we summarize some basic facts about elliptic curves and prove the analogue of a theorem of Winterhof [20] on elliptic curves. In Section 3 we describe the proposed construction and in Section 4 we prove that this construction has good pseudorandom properties. Finally, in Section 5 we give some sufficient conditions to use the theorem proved in the previous section.
Elliptic curves and character sums
First we summarize some basic facts and notation for elliptic curves. Our basic reference on elliptic curves will be [3] .
Let p > 3 be a prime, F p the finite field of p elements which we represent by the elements {0, 1, . . . , p − 1}, F * p is the set of non-zero elements and F p is the algebraic closure of F p .
Let E be an elliptic curve over F p defined by the Weierstrass equation
with coefficients A, B ∈ F p and non-zero discriminant. The F p -rational points E(F p ) of E form an Abelian group with the point at infinity O as the neutral element, where the group operation is denoted by ⊕ (and its inverse operation is denoted by ). For a rational point R ∈ E(F p ), a multiple of R is defined by nR = n i=1 R. The order of R will be denoted by |R|.
As a group, E(F p ) is isomorphic to Z M × Z L for unique integers M and L with L | M (and M · L = |E(F p )|). The elements P and Q are said to be echelonized generators if the order of P is M , the order of Q is L and any point can be written in the form mP ⊕ lQ with unique integers 0 ≤ m < M and 0 ≤ l < L.
Let F p (E) be the function field of E over F p . For a rational function f ∈ F p (E) and point R ∈ E(F p ), R is a zero (resp. pole) of f if f (R) = 0 (resp. f (R) = ∞).
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Any function of F p (E) has finitely many zeros and poles. The divisor of f is defined by
where ord R (f ) is the order of f in R.
The set of zeros and poles of f ,
is the support of Div(f ), and the degree of f is
ord R (f ). 
For a real number α let e(α) = exp{2πiα} and e n (a) = e(a/n). For a given Abelian group G let G = Hom(G, C * ) be the group of characters of G. Clearly F * p is the set of multiplicative characters. On the other hand E(F p ) = Ω, where
(where now P and Q are echelonized generators).
Lemma 1.
For any element ψ of G, we have
where ψ 0 is the principal character.
By the canonical isomorphism of G with the dual group G, the lemma is symmetrical in G and G.
For a multiplicative character χ of F p , character ω ∈ Ω and function f ∈ F p (E), we define the sum
and for a subgroup H ≤ E(F p ) we define the sum
We will need the following bound:
We can also give a good upper bound for S H (ω, χ, f ) (as was proved for additive characters instead of multiplicative characters in [6] ). Corollary 3. If χ, ω and f are defined as above, then
Proof. Let Ω H ⊆ Ω be the set of characters ψ ∈ Ω such that ker(ψ) contains H. Then the upper bound follows from
and Lemma 2.
Lemma 4. Let us denote the distance of α from the nearest integer by α .
Proof. The proof of assertion 4 is easy (see for example equation (10) in [19] 
The general case can easily be reduced to this special case. We will leave the details to the reader.
Proof. The inner sum is trivial if P ∈ ker(ω). Since the number of such characters is at most |Ω|/|P | we have that the contribution of the trivial terms is
Let Q 1 and Q 2 be echelonized generators and write P = mQ 1 ⊕ lQ 2 . Then we have
Combining equations (2), (3) and Lemma 4 we get the desired bound.
Definition 2. The elements P 1 , . . . , P n said to be weakly independent if
Remark 1. Clearly, if P 1 , . . . , P n are weakly independent elements, then the elements P 1 , . . . , P n , P n+1 = O are also weakly independent. Thus in order to avoid any confusion we will not consider the points P 1 , . . . , P n as weakly independent if at least one of them is zero.
Example 2.1. Let P ∈ E(F p ) and |P | = α 1 . . . α n such that the numbers α 1 , . . . , α n are pairwise coprime. Then the elements |P | α 1 P, . . . , |P | α n P are weakly independent.
Finally we prove the elliptic curve analogue of a result of Winterhof (Theorem 2 in [20] ): Lemma 6. Let χ be a non-trivial multiplicative character of order d, f ∈ F p (E) such that f is not a d-th power in F p (E). Let P 1 , . . . , P n ∈ E(F p ) be weakly independent elements, and let t 1 , . . . , t n ∈ N be such that t i < |P i |. If we define the box B by
Proof. By Lemma 1 we have
By the triangle inequality we have
Now let H ≤ E(F p ) be a subgroup generated by P 1 , . . . , P n . Since P 1 , . . . , P n are weakly independent elements, the functioñ ω :
is well-defined, and it is a character of H. Let ω be a character of E(F p ) such that ω = ω on H. Thus we have
by Corollary 3.
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Construction
Let χ be a multiplicative character, f ∈ F p (E) and P 1 , . . . , P n be weakly independent points of E(F p ) such that the order of each point is greater than N . Then define the mapping η :
First, we have to define the notion of admissibility of Abelian groups. (Slightly different definitions of admissibility have already been considered in special groups, for example in the additive group of F p in [4] or of F p n in [5] or for multisets over general cyclic groups in [16] .) Definition 3. For G an Abelian group, the pair (k, ) is admissible if for all sets A, B such that |A| ≤ k, |B| ≤ there exists a c ∈ G such that the equation
has exactly one solution.
Theorem 1. Let p > 3 be a prime, χ be a multiplicative character of F p with even order d, E(F p ) be an elliptic curve over F p , f ∈ F p (E) such that f is not a d-th power in F p (E) and the orders of zeros and poles of f are co-primes to d. Let N be an integer and P 1 , . . . , P n be weakly independent elements such that the order of each point is greater than N . If we define the binary lattice by (6) and the pair (| Supp(f )|, ) is admissible, then we have
Remark 2. We can also give the following upper bound for Q (η) if d is odd:
by an argument similar to the one used in [16] ; however the proof would be more technical. We also remark that a non-trivial upper bound cannot be given for Q (η) if d is odd and small, as was shown by an example in [14] in a similar situation.
Proof of Theorem 1
Proof. Let
If g is a primitive element of F p such that χ(g) = e(1/d) and ind is the index (discrete logarithm) with respect to g, then
Thus for x ∈ N ,
where r d (i) denotes the least non-negative residue of i modulo d. If x ∈ N , then by Lemma 1 we have
where γ runs over the multiplicative characters of F p . The contribution of the principal character is
Similarly, if γ d = χ 0 , then
we have
In order to prove the theorem, write d i = (d (i) 1 , . . . , d (i) n ). If j 1 b 1 u 1 + · · · + j n b n u n + d i ∈ N for i = 1, . . . , n, then the general term of the n-fold sum in (1) is
So we have
Let us define δ u for u = 1, . . . , by
where 0 ≤ δ u < d for u = 1, . . . , .
Using this notation, we get that the innermost term is
Now, write Q = j 1 b 1 P 1 ⊕ · · · ⊕ j n b n P n and B = {i 1 (b 1 P 1 ) ⊕ · · · ⊕ i n (j n P n ) :
the points (b 1 P 1 ), . . . , (b n P n ) are also weakly independent. Thus we have that the absolute value of the second double sum in (11) is
where the sum is taken over all Q ∈ B such that f (Q ⊕ d
, we have that (11) can be written in the form
It suffices to show: Lemma 7. If f, , χ are defined as in Theorem 1 and not all of the values δ 1 , . . . , δ are zeros, then F δ 1 ,...,δ is not a d-th power.
Indeed, by Lemma 6 we have that the sum in (14) is
On the other hand,
It follows from (14), (15) , (16) that the sum in (1) is
which completes the proof.
Finally it remains to prove Lemma 7:
Proof of Lemma 7. We will show that not all of the coefficients of the divisor of F δ 1 ,...,δ are divisible by d.
As above, let H be the group generated by P 1 , . . . , P n . The co-sets of H in E(F p ) have the form
For a fixed co-set R let A be the set of P 's such that R ⊕ P is a zero or a pole of f whose multiplicity d ord R⊕P (f ). Similarly let B = {d n ), then the coefficient of ord P ⊕Q (F δ 1 ,...,δ ) is ord P (f ) · δ i , which is not divisible by d. Remark 3. In the special case, when G = E(F p ) the parameter s is 2, and thus it does not depend on the dimension of the lattice. However if G = F + p n is the additive subgroup of F p n , then the parameter s is the dimension of the lattice (see for example the constructions studied in [10] , [13] ). x 1 (a) ), . . . , m d s (r · x s (a))) : a ∈ A} and B = {(m d 1 (r · x 1 (b)), . . . , m d s (r · x s (b))) : b ∈ B}, and let w A and w B be the maximal elements of A and B in terms of the lexicographic ordering and assume they correspond to a and b respectively: w A = (m d 1 (r · x 1 (a)), . . . , m d s (r · x s (a))) and w B = (m d 1 (r · x 1 (b)), . . . , m d s (r · x s (b))). By the maximality of w A and w B , the sum w A + w B has no other representation of the form (23) w + w , w ∈ A, w ∈ B.
Admissibility

Now consider the sets of s-tuples
By (22), the i-th coordinate of this sum is in the interval −2 d i 4 ,
. Thus for any a ∈ A, b ∈ B we have m d 1 (r · x 1 (a)), . . . , m d s (r · x s (a)) + m d 1 (r · x 1 (b)), . . . , m d s (r · x s (b)) = m d 1 (r · x 1 (a)), . . . , m d s (r · x s (a)) + m d 1 (r · x 1 (b)), . . . , m d s (r · x s (b)) ,
which implies that ra + rb = ra + rb, for a ∈ A, b ∈ B and a + b = a + b, for a ∈ A, b ∈ B, by using the fact that r is co-prime to d i .
